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Let X be a completely regular Hausdorff space, E Hausdorff a quasi-complete locally convex
space and Cb(X, E) all E-valued bounded continuous functions on X with strict topologies
βt , β ′∞, β ′τ . We prove that a linear continuous mapping T : Cb(X, E) → E arises from a
scalar measure μ ∈ (Cb(X),βz)′ (z = t,∞, τ ) if and only if g(T ( f )) = 0 whenever g ◦ f = 0
for any f ∈ Cb(X, E), g ∈ E ′.
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1. Introduction and notation
In this paper R stands for the set of real numbers, K will denote the ﬁeld of real or complex numbers (we will call them
scalars) and X a completely regular Hausdorff space and E a quasi-complete locally convex space over K with topology
generated by an increasing and closed under multiplications with positive real numbers family of semi-norms ‖.‖p, p ∈ P ;
E ′ will denote the topological dual of E . For a p ∈ P , V p = {x ∈ E: ‖x‖p  1}; polars will be taken in the duality 〈E, E ′〉.
We denote by C(X) (respectively C(X, E)) the space of all K -valued (respectively E-valued) continuous functions on X , and
by Cb(X) (respectively Cb(X, E)) the space of all bounded elements of C(X) (respectively C(X, E)). The zero-sets of X are
the elements of { f −1(0): f ∈ Cb(X)}; the positive-sets of X are sets of the form X \ Z where Z is a zero-set. For locally
convex spaces, the notation and results of [8] will be used. For measure theory and topological measure theory, notation
and results of [2–4,9,10] will be used. All locally convex spaces are assumed to be Hausdorff and over K . The elements of
the smallest σ -algebra, on X , relative to which all functions in Cb(X) are measurable, are called Baire sets and the elements
of the σ -algebra generated by open sets are called Borel sets. B(X) and B0(X) be the classes of Borel and Baire subsets
of X . X˜ will denote the Stone-Cech compactiﬁcation of X . Mσ (X), Mτ (X), Mt(X) denote the spaces of σ -additive, τ -smooth
and tight Baire measures on X [10]. The elements of Mσ (X) are scalar-valued, countably additive measures on B0(X). An
element μ ∈ Mσ (X) is called τ -smooth if for any decreasing net { fα} ⊂ Cb(X), fα ↓ 0, we have μ( fα) → 0. Every τ -smooth
measure has a unique extension to a Borel measure which is inner regular by closed subsets and outer regular by open
subsets of X ; an element μ ∈ Mσ (X) is called tight if for any uniformly bounded net { fα} ⊂ Cb(X), fα → 0, uniformly on
compact subsets of X , we have μ( fα) → 0. Every tight measure has a unique extension to a Borel measure which is inner
regular by compact subsets and outer regular by open subsets of X [10]. We also consider the measures on X which are
in M∞(X) [3,10]; in [10] M∞ is denoted by Ms and these measures are called separable measures. First we make some
comments on separable measures on a completely regular Hausdorff space X :
Let H∞ be the collection of all uniformly bounded and pointwise equicontinuous subset of Cb(X). The ﬁnest locally
convex on Cb(X) agreeing with pointwise topology on each H ∈ H∞ is denoted by β∞ . This deﬁnition naturally extends to
Cb(X, E) when E is a normed space [3] and then to any locally convex space E [4]. Other strict topologies βz , z = σ ,τ , t
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for these topologies in [9]). The topology βt is the ﬁnest locally convex on Cb(X), agreeing with the topology of uniform
convergence on the compact subsets of X , on the norm bounded subsets of Cb(X). To deﬁne the topology βσ , take a zero-
set, in X˜, Z ⊂ X˜ \ X . The topology βt on Cb( X˜ \ Z), we denote by βZ . Evidently Cb( X˜ \ Z) can be identiﬁed with Cb(X) (there
is a natural 1–1, onto, norm-preserving mapping) and so βZ can be considered a locally convex topology on Cb(X). The βσ
is deﬁned as
∧{βZ : Z a zero-set in X˜, Z ⊂ X˜ \ X}. Similarly βτ is deﬁned as ∧{βC : C a compact set in X˜, C ⊂ X˜ \ X}. If E
is a normed space, these topologies has similar deﬁnitions for Cb(X, E) and they are further extended to the case when E
is a locally convex space [3,4].
We have (Cb(X, E), βz)′ = Mz(X, E ′) [3]. For a locally convex space E with E ′ its dual, if x ∈ E and f ∈ E ′ , f (x) will also
be denoted by 〈g, x〉 or 〈x, g〉. For a function f ∈ Cb(X, E) and a p ∈ P , ‖ f ‖p : X → R is deﬁned by ‖ f ‖p(x) = ‖ f (x)‖p .
2. Main results
Let X be locally compact and C0(X, E) all E-valued continuous functions on X with compact supports. For any compact
Q ⊂ X let C0(X, Q , E) = { f ∈ C0(X, E): supp( f ) ⊂ Q }. As in [1, p. 41], for each Q , C0(X, Q , E) is assigned the uniform
topology and C0(X, E), being the ﬁltering upwards union of C0(X, Q , E) as Q varies over compact subsets of X , is given
the inductive limit topology T . If E = K , C0(X, E) and C0(X, Q , E) are respectively denoted by C0(X) and C0(X, Q ). The
elements of (C0(X), T )′ are called Radon measures. If μ is a Radon measure, f ∈ C0(X) and y ∈ E , then
∫
( f ⊗ y)dμ =
(
∫
f dμ)y and this naturally extends for any f ∈ C0(X)⊗ E . This mapping uniquely extends to a linear continuous mapping
μ : (C0(X, E), T ) → E , f →
∫
f dμ [1, Proposition 8, p. 81]; also it is a simple veriﬁcation that for any g ∈ E ′ , 〈g, ∫ f dμ〉 =∫
g ◦ f dμ. With these notations and observations, now we give very simple proofs of the main results of [6,7], without the
need of Pettis integration.
With these notations, we have:
Theorem 1. (See [6,7].) Let T : (C0(X, E), T ) → E a linear continuous operator. Then there is a unique Radon measure μ on X such
that T ( f ) = ∫ f dμ, ∀ f ∈ C0(X, E) ⇔ f ∈ C0(X, E), g ∈ E ′ , with g ◦ f = 0 implies 〈g, T ( f )〉 = 0.
Proof. (⇒). Fix an x ∈ E and an f ∈ C0(X). We ﬁrst prove that T ( f ⊗ x) = cx for some c ∈ K . If T ( f ⊗ x) = 0 there is
nothing to prove. Assume T ( f ⊗ x) = y where x and y are linearly independent. By Hahn–Banach theorem there is a g ∈ E ′
with g(x) = 0, g(y) = 1. Now 〈 f ⊗ x, g〉 = 0 and so 〈T ( f ⊗ x), g〉 = 0 a contradiction. Now we prove that for any y, z ∈ E ,
if T ( f ⊗ y) = py and T ( f ⊗ z) = qz then p = q. If one or both y and z are equal to 0 or y and z are linearly dependent,
then there is nothing to prove. So assume y = 0, z = 0 and y, z are linearly independent. This means y, y − z are linearly
independent. By Hahn–Banach theorem there is a g ∈ E ′ with g(y) = 1, g(y − z) = 0. Now 〈 f ⊗ (y − z), g〉 = 0 and so
〈T ( f ⊗ (y − z), g〉 = 0. But 〈T ( f ⊗ (y − z), g〉 = p − q = 0, a contradiction. Writing T ( f ⊗ x) = μ( f )x, we ﬁrst check that
μ is a Radon measure on X : Fix a compact Q ⊂ X and an x ∈ E , x = 0 and take a sequence {gn} ⊂ C0(X, Q ) such that
gn → 0 uniformly. This means gn ⊗ x → 0 uniformly in C0(X, Q , E). Since T is continuous, μ(gn) ⊗ x = T (gn ⊗ x) → 0 and
so μ(gn) → 0. This proves that μ is a Radon measure.
By [1, Deﬁnition 1, p. 75], T ( f ) = ∫ f dμ, ∀ f ∈ C0(X) ⊗ E and so, by [1, Proposition 8, p. 81], we have T ( f ) =
∫
f dμ,
∀ f ∈ C0(X, E).
(⇐). Let μ be a Radon measure on X . Using [1, Deﬁnition 1, p. 75], we deﬁne T ( f ) = μ( f ), ∀ f ∈ C0(X, E). By [1,
Proposition 8, p. 81] T in continuous; other conditions are trivially satisﬁed. 
Now we consider the case when X is a completely regular Hausdorff space. We ﬁrst prove some lemmas.
Lemma 2. In (Cb(X, E), γ ) (γ = β ′∞, β ′τ , βt), a net fα → 0 if and only if for every p ∈ P , ‖ fα‖p → 0 in (Cb(X), βz) (z = ∞, τ , t).
Proof. When E is a normed space, for perfect measures this result is proved in [5, Corollary 6, p. 3]. The proof for the above
cases is very similar and naturally extends to the case when E is a locally convex space. 
Lemma 3. Let h ∈ Cb(X, E), p ∈ P , ε > 0. Then there is a partition of unity { fα: α ∈ I} in X and points {xα} in X such that ‖h −∑
h(xα) fα‖p  ε on X.
Proof. Let Xd be the metric space corresponding to the semi-metric d on X , d(x, y) = ‖h(x)− h(y)‖p and let φ : X → Xd be
the canonical mapping. Take a partition of unity {gα: α ∈ I} in Xd subordinate to the open covering {B(y, ε): y ∈ Xd} where
B(y, ε) is the open ball with center at y and radius ε. For each α choose a yα ∈ Xd such that gα(y) = 0 if y /∈ B(yα, ε).
Take an xα ∈ X such that φ(xα) = yα . Putting fα = gα ◦φ, we see that { fα} is a partition of unity in X . Put h∗ =∑h(xα) fα .
Using the result that h(x) =∑h(x) fα(x), it is a simple veriﬁcation that ‖h −∑h(xα) fα‖p  ε on X . 
Lemma 4. Let h ∈ (Cb(X, E), β ′∞), B = the closed absolutely convex hull of h(X) and H = { f ∈ Cb(X) ⊗ E: f (X) ⊂ B}. Then h ∈ H.
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sup{Rlμ(g): g ∈ H} + 4ε for some ε > 0. By Lemma 3 and its notations, |h − h∗|p  ε and there is a net {hγ : γ a ﬁnite
subset of I} ⊂ H such that hγ → h∗ in β ′∞ . Thus μ(hγ ) → μ(h∗) and so there is an h0 ∈ H such that |μ(h∗ − h0)| ε. Now|μ(h − h∗)| |μ|p(|h − h∗|p) ε and so |μ(h − h0)| 2ε, a contradiction. 
Corollary 5. For an h ∈ Cb(X, E) let B = the closed absolutely convex hull of h(X) and H = { f ∈ Cb(X) ⊗ E: f (X) ⊂ B}. Then h ∈ H
for topologies β ′∞, β ′τ , βt . If X has a σ -compact dense subset, the same is true for the topology β ′σ .
Proof. since topologies β ′τ and βt are weaker than β ′∞ [4], the result follows from Lemma 4. If X has a σ -compact dense
subset then β ′∞ = β ′σ [3, Theorem 5.1, p. 206]. 
Now we come to the main theorems:
Theorem 6. Letμ ∈ Mz(X) (z = ∞, τ , t). Then there is a unique linear continuous mappingμ : (Cb(X, E), γ ) → E (γ = β ′∞, β ′τ , βt)
such that μ( f ⊗ x) = (μ( f ))x, ∀ f ∈ Cb(X), x ∈ E. If X has a σ -compact dense subset, the same is true for the topology β ′σ .
Proof. Consider the mapping μ : Cb(X) ⊗ E → E , μ(∑ f i ⊗ xi) =∑(μ( f i))xi . Fix a p ∈ P and take a g ∈ V 0p , the polar
of V p . For an f ∈ Cb(X)⊗ E we have |〈g,μ( f )〉| = |μ(g ◦ f )| |μ|(|g ◦ f |) |μ|(‖ f ‖p). Taking sup when g varies under the
condition that |g(V p| 1, we get ‖μ( f )‖p  |μ|(‖ f ‖p). Now we prove that this μ : Cb(X)⊗ E → E is continuous. Suppose a
net fα → 0 in Cb(X)⊗ E with topology induced by γ . By Lemma 2, ‖ fα‖p → 0 in (Cb(X), βz) and so |μ|(‖ fα‖p) → 0. Thus
‖μ( fα)‖p → 0. This proves μ is continuous. So this mapping has a unique linear continuous extension to μ : Cb(X, E) → E˜ ,
E˜ being the completion of E . Take h ∈ Cb(X, E) and let B = the closed absolutely convex hull of h(X) in E and H =
{ f ∈ Cb(X)⊗ E: f (X) ⊂ B}. By Corollary 5, h ∈ H (closure in γ ). Now H is bounded in γ (it is bounded in uniform topology)
and so, in the mapping μ : Cb(X) ⊗ E → E , μ(H) is bounded in E . Since μ : Cb(X, E) → E˜ is continuous, μ(H) ⊂ μ(H) and
so μ(h) ∈ μ(H). Since E is quasi-complete, we prove that μ(h) ∈ E . Thus we get the mapping μ : Cb(X, E) → E . This proves
the result. If X has a σ -compact dense subset then β ′σ = β ′∞ [3, Theorem 5.1, p. 206] and so the result follows. 
Theorem 7. Suppose T : (Cb(X, E), γ ) → E (γ = β ′∞, β ′τ , βt) is a linear continuous operator with the property that f ∈ Cb(X, E),
g ∈ E ′ with g ◦ f = 0 implies 〈g, T ( f )〉 = 0. Then there is a unique measure μ ∈ Mz(X) (z = ∞, τ , t) such that T ( f ) =
∫
f dμ,
∀ f ∈ Cb(X, E). If X has a σ -compact dense subset, the same is true for the topology β ′σ .
Proof. As Theorem 1, we get that for any f ∈ Cb(X), x ∈ E , we have T ( f ⊗ x) = (μ( f ))x. Now we prove that μ is γ -
continuous. Using the continuity of T it is easily veriﬁed that μ is continuous in norm topology on Cb(X). Fix an x ∈ E ,
x = 0 and take a p ∈ P ; let Ep be the normed space (E/(‖.‖−1p (0)),‖.‖p) and x˜ be the image of x under the canonical
mapping E → Ep .
Suppose γ = t . Take a scalar-valued function h on X which vanishes at inﬁnity, and a net { fα} ⊂ Cb(X) with fα → 0
in βt . This means |hfα | → 0 uniformly on X . From this we get the ‖hfα ⊗ x‖p → 0 uniformly on X . Thus fα ⊗ x → 0 in
(Cb(X, E), βt). Using the continuity of T and the result that T ( fα ⊗ x) = (μ( fα))x, we get that μ( fα) → 0. This proves
μ ∈ Mt(X).
Now suppose γ = ∞. Take a uniformly bounded equicontinuous net { fα} ⊂ Cb(X) with fα → 0 pointwise in X . This
implies that { fα ⊗ x˜} ⊂ Cb(X, Ep), is uniformly bounded, equicontinuous and fα ⊗ x˜ → 0 pointwise in X . Thus fα ⊗ x → 0
in (Cb(X, E), β ′∞). Proceeding as is done in the case of γ = t , we get μ( fα) → 0 and so μ ∈ M∞(X).
Finally take γ = τ . Take a net { fα} ⊂ Cb(X) with fα ↓ 0. This means fα → 0 in βτ [10, Corollary 11.28, p. 145]. From the
deﬁnition of βτ , [3], it follows fα ⊗ x˜ → 0 in (Cb(X, Ep), βτ ) and so fα ⊗ x → 0 in (Cb(X, E), β ′τ ). Proceeding as is done in
the case of γ = ∞, we get that μ ∈ Mτ (X).
Thus T = μ on Cb(X) ⊗ E . Now T is γ -continuous and, by Theorem 6, μ is γ -continuous. Since Cb(X) ⊗ E is γ -dense
in Cb(X, E), we get T = μ. The uniqueness also follows from Theorem 6. If X has a σ -compact dense subset then β ′σ = β ′∞
and so the result follows. 
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